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Abstract

Givenis a prablemsequene anda probability distribution (the bias) on
progamscompuing solutioncandidats. We presentan optimally fast
way of increnentally solving eachtaskin the sequene. Bias shiftsare
computedby progam prefixes thatmodfy thedistribution on their suf-
fixesby reusingsuccessfutodefor previoustasks(storedn non-modifi-

ablememoy). No testedorogamgetsmoreruntimethanits probability
timesthetotal searchtime. In illustrative experiments,oursbecanesthe
first geneal systemto learn a universal solver for arbitray n disk Tow-
ers of Hana tasks(minimal solutionsize2™ — 1). It demamstrateshe
adwartagesof increnentallearnirg by prdfiting from previously solved

simplertasksinvolving samplef asimplecortext freelanguag.

1 Brief Intr oduction to Optimal Universal Search

Consideranasympotically optimalmethal for taskswith quickly verifiablesolutions:

Method 1.1 (LSearcH) Miewthen-th binarystring (0, 1,00,01, 10, 11,000, . . .) asapo-
tential programfor a univeisal Turing madine. Givensomeproblem,for all n do: every
2" stepson average execute(if possible)oneinstructionof the n-th program canddate,
until oneof the programshascompueda solution

Givensomeproblemclassf someunknavn optimalprogamp requilesf (k) stepgo solve
aprobleminstanceof sizek, andp happ@ésto bethem-th progamin thealphaleticallist,
thenLseaRcH (for Levin Seach) [6] will needat mostO(2™ f(k)) = O(f(k)) steps—
theconstanfactor2™ maybehugebut doesnotdependon k. Compard11, 7, 3].

RecentlyHutter developed a more comgex asymptoticallyoptimal searchalgorithmfor
all well-definedproblems[3]. HSEARCH (for Hutter Seach) clevery allocatespart of
the total searchtime for searchinghe spaceof proofs to find provably correct candichte
progamswith provable upperruntime bourds, and at ary given time focusesresouices
on thoseproglamswith the currently bestproventime bownds. Unexpectedly HSEARCH
managsto redue the constahslowvdown factorto avalue of 1 + €, wheree is anarbitray
positive constantUnfortunately however, thesearchn prod spacentroducesanunkrown
additiveproddem class-specificonstanslowdownn, which againmaybe huge.



In therealworld, constantglo matter In this paperwe will usebasicconcets of optimal
searchto constrect an optimd incremental problemsolver that at ary given time may
exploit experiencecollectedin previoussearcheor solutionsto earliertasks,to minimize
theconstantsgnoredby nonincremental HSEARCH andL SEARCH.

2 Optimal Ordered Problem Solver (OOPS)

Notation. Unlessstatedotherwiseor obvious,to simplify notation, throughaut the pager
newly introducedvariablesareassumedo be integervaluedandto cover therangeclear
from the context. Givensomefinite or infinite countdle alphabet) = {Q1,Q2,. ..}, let
@* denotethe setof finite sequenesor stringsover @), where is the emptystring. We
usethe alphaket names lower casevariantto introduce (possiblyvariabe) stringssuch
asq,q',q%, ... € Q*; I(q) dendesthe nunber of symbolsin string g, wherel()\) = 0;
gn is the n-th symbolof ¢; gm.n, = Aif m > n andgmgm+1 - - - g, Otherwise(where
do := go:0 := A). ¢*¢? is theconcaenationof ¢! andq? (e.g.,if ¢ = abc andg? = dac
theng'¢? = abcdac).

Considercountalte alphalets S and@. Stringss, s, s?,... € S* represenpossiblein-

ternal statesof a computer; stringsgq, q',q%,... € Q* representcodeor progamsfor

manipuating states. We focus on S beingthe setof integersand @ := {1,2,...,n¢g}

represeting a setof ng instructionsof someprogammirg language (thatis, substrings
within statesmayalsoencodgrogams).

R is asetof currerlly unsdvedtasks.Let thevarialle s(r) € S* dende thecurren state
of taskr € R, with i-th compments;(r) on a computdion taper (think of a separate
tapefor eachtask). For corveniencewe combine curreri states(r) andcurrentcodeq in
asingleaddessspaceintroducingnegéive andpositive addessesangingfrom —I(s(r))
tol(q) + 1, definingtheconten of addessi asz(i)(r) := ¢; if 0 < i < I(g) andz(7)(r) :=
s_i(r) if =I(s(r)) < i < 0. All dynamic task-specificdatawill be representedat non
positiveaddressedn particularthecurrentinstruction pointerip(r) := z(a ;»(r))(r) of task
r canbefound at (possiblyvariatie) addessa ;,,(r) < 0. Furthermore,s(r) alsoencalesa
modifiabde prokability distributionp(r) = {p1(r),p2(r),...,Png (r)} (32, pi(r) = 1) on
Q. Thisvariale distributionwill beusedto selectanew instructionin caseip(r) pointsto
thecurren topmast addressight aftertheendof the currentcodeg.

afrozen > 0 is avariale addressthat cannotdecease. Once chosen,the code bias
40:a7r0.en Will remainunchamgeableforever — it is a (possiblyempty)sequene of pro-
gramsglq? ..., someof themprewired by the user othersfrozenafter previous successful
searche$or solutiors to previoustasks.Given R, thegoalis to solve all tasksr € R, by a
progamthatapprgriately usesor extends the currentcoce qo.q,.,..., -

We will dothisin abias-gtimalfashionthatis, nosolutioncanddatewill getmuchmore
searchime thanit deseres,givensomeinitial probailistic biason progamspacey *:

Definition 2.1 (BIAS-OPTIMAL SEARCHERS) Givenis aproblemclassR, aseach space
C of solutioncandichtes(wheie any problemr € R shouldhavea solutionin C), a task-
depemnlentbiasin form of condtional probalility distributionsP(q | r) onthecandicates
q € C, anda predefired procedue that createsandtestsanygiveng onanyr € R within

time ¢(g,r) (typically unknownin advarce). A seacher is n-biasoptimal (n > 1) if for

any maximaltotal seach timeT,,,, > 0 it is guaanteedo solveanyproblemr € R if it

hasa solutionp € C satisfyingt(p, ) < P(p | ) Tmaz /.

Unlike reinforcementearnerqd4] andheuistics suchas GeneticProgrammirg [2], coPs
(section2.2) will ben-bias-optimal wheren is asmallandacceptale numter, suchas8.



2.1 OOPSPrerequisites: Multitasking & Prefix Tracking Thr ough Method “T ry”

The Turingmachinebasedsetupsor HSEARCH andL SEARCH assumepotertially infinite

storage Hencethey maylargely ignore questionsof storagemanagment.In ary practical
system,however, we have to efficiently reuselimited storage. This, and multitasking is

whatthe presentsubsections abou. The recusive methodTry belov allocatestime to

progamprefixes,eachbeingtestedon multipletaskssimultaneasly, suchthatthe sumof

the runtimesof ary givenprefix, testedon all tasks,doesnot exceedthe total searchtime

multiplied by the prefix probability (the prodict of the tape-@&pendat probalilities of its

previously selecteccompaentsin @). Try trackseffeds of testedprogam prefixes,such
asstoragemodifications (including probability charges)and partially solved tasksets,to

resetcorditionsfor subseqganttestsof alternatve prefix continwationsin anoptimdly ef-

ficientfashion(atmostasexpersive asthe prefix teststhemseles). Optimalbacktra&ing

requiresthatary prolorgationof someprefix by sometoken getsimmedately executed.
To allow for efficientundbing of statecharges,we useglobal Boolearvariablesnark ; (r)

(initially FaLsE) for all possiblestatecommnentss;(r). We initialize time ¢ := 0; prob

ability P := 1; g-pdnter gp := afrozen andstates(r) (includng ip(r) andp(r)) with

task-specifianformationfor all tasknamesr in aring R, of tasks. Herethe expression
“ring” indicatesthatthe tasksareorderel in cyclic fashion;| R | derotesthe numker of

tasksin ring R. Givena globalsearchtime limit 7', we Try to solwe all tasksin R, by
usingexisting codein g = ¢1.4, and/ or by discoveling anapprariateprolongatian of g:

Method 2.1 (BOOLEAN Try (gp, 0, Ro,to, P)) (returnsTRUE or FALSE; ro € Ryg).
1. Make anemptystak S; setlocal variablesr := ro; R := Ry;t := to; Done= FALSE.

WHILE | R |> 0 andt < PT andinstructionpointervalid (—I(s(r)) < ip(r) < gp)
andinstructionvalid (1 < z(ip(r))(r) < ng) andno halt condtion (e.g., error suc as
divisionby 0) encourered (evaluateconditinsin this order until first satisfiedjf ary) Do:

If possible interpret/ executetoken z(ip(r))(r) accoding to the rules of the givenpro-
gramminglanguage (this may modify s(r) including instructionpointer ip(r) and distri-
bution p(r), but not¢), cortinually increasingt by the consumedime Wheneer the exe-
cutionchangssomestatecompoent s; (r) whosemark;(r) = FALSE, setmark;(r) :=
TRUE andsavethe previousvalues;(r) by pushirg thetriple (i, r, §;(r)) ontoS. Remee
r from R if solved.IF | R |> 0, setr equal to thenext taskin ring R. ELSE setDone:=
TRUE; atrozen 1= gp (all taskssolved;new codefrozeniif any).

2. UseS to efficientlyresetonly themodfied mark; (k) to FALSE (but do notpopS yet).

3. IFip(r) = ¢gp + 1 (this meansan online requestfor prolongation of the current
prefix through a new token): WHILE Done = FALSE and there is someyet untested
token Z € (@ (untried sincety asvaluefor ggp41), S€tggp+1 := Z and Done:= Try
(gp+1,r,R,t, P xp(r)(Z)), wheep(r)(Z) is Z's probahlity accoding to currentp(r).

4. UseS to efficiently restoe only thoses; (k) changed sincety, thusalso restoringin-
structionpointerip(ry) andoriginal seach distribution p(rq). Returnthevalueof Done

It isimportart thatinstructiors whoserurtimesarenotknown in advane canbeinterrypted
by Try atarny time. Essentially Try condicts a depthfirst searchin progamspacewhere
thebrarchesof thesearchreeareprogramprefixes, andbacktackingis triggeredonce the
sumof theruntimesof thecurren prefixonall currenttasksexceedshe prefix probability
multiplied by thetotaltime limit. A successfulry will solve all tasks possiblyincreasiig
Gfrozen- IN ary caseTry will completelyrestoreall statesof all tasks. Tracking / undbing
effectsof prefixesessentiallydoesnot costmorethantheir exeaution. Sothen in Def. 2.1
of n-bias-optimalityis not greatly affectedby backtraking: ignoring hardvare-specific
overhead,we loseat mosta factor2. An efficientiterative (nonrecursve) versionof Try



for abroadvarietyof initial programmirg languagswasimplemertedin C.

2.2 OOPSFor Finding Universal Solvers

Now suppeethereis an ordeed sequencef tasksri,rs,.... Taskr; mayor may not
depen on solutionsfor r; (i,7 = 1,2,...,j > 4). For instancetaskr; maybeto find a
fasterway through amazethanthe onefound during the searchor asolutionto taskr ;_ .

We aresearchindor asingleprogamsolvingall tasksencounteredsofar (see[9] for vari-
antsof this setup).Inductively suppsewe have solvedthefirst n tasksthroudh progams
storedbelov addessa ¢,...n, andthatthemostrecenly found programstartingataddres
Qlast < Qfrozen actuallysolvesall of them,possiblyusinginformationcorveyed by earlier
progams. To find a progam solvingthe first n + 1 tasks,0ops invokes Try asfollows
(usingsetnotationfor ring R):

Method 2.2 (oops (n+1)) Initialize T := 2; gp := a trozen.
1. SetR = {rp4+1} andip(rp41) == @ast- |F TrY (gp, rny1, R,0,0.5) thenexit.

2.1Fn+1>T goto3. SetR = {ry,rs,...,Tnh41}; setlocalvariablea := afyozen + 1;
forall r € R setip(r) := a. IFTry (gp, rn+1, R,0,0.5) Setaj,s; := a andexit.

3. Setl := 2T, andgoto 1.

Thatis, we spendrouchly equaltime on two simultaneas searchesThe secondstep2)

consides all tasksandall prefixes. Thefirst (stepl), however, focusesonly ontaskn + 1

andthe mostrecen prefix andits possiblecontintations. In particular startaddresss ;4
doesnotincrezeaslong asnew taskscanbe solvedby prolongingq a,,.,:a;,...,- Whyis
thisjustified?A bit of thoudht shavs thatit is impaossiblefor themostrecentcodestarting
ata;,s: to requeshry additioral tokensthatcouldharmits performarce on previoustasks.
We alreadyinductively know thatall of its prdongaticswill solveall tasksupto n.

Therebre, giventasksry,ro,..., we first initialize a;,5; thenfor i := 1,2,... invoke
00Ps(i) to find programsstartingat (possiblyincreasing addressi,s;, eachsolvingall
taskssofar, possiblyevertually discoveringa universal solverfor all tasksin thesequene.
As addressi;, ;¢ increasesor then-thtime, ¢™ is definedasthe progamstartingata;,s;'s
old valueandendirg right before its new value.Clearly, ¢™ (m > n) mayexploit g™.

Optimality . oops notonlyis asymptdically optimalin Levin’ssensg6] (seeMethad 1.1),

but alsonearbias-opimal (Def. 2.1). To seethis, considera programp solving prodem

r; within k steps given currert codebiasqo.q;,,.., @nda;.s;. Denotep’s prokability by
P(p). A bias-optinal solver would solve r; within atmostk/ P(p) steps.We obserethat
oops will solver; within atmost23k/P(p) stepsjgnoring overhead afactor2 might get
lost for allocatinghalf the searchtime to prolongatiors of the mostrecen code anotler

factor2 for theincrenmentaldoubliing of T' (necessarybecauseave do notknow in adwarce

thebestvalueof T'), andandherfactor2 for Try’sresetof statesandtasks.Sothemethal

is 8-bias-optimal(ignaring hardvare-specifioverhead with respecto the currenttask.

Our only biasshiftsaredueto freezingprogamsoncethey have solved a problem. That
is, unlike thelearningrate-lasedbiasshifts of ADAPTIVE LSEARCH [10], thoseof OopPs
do not redice prababilities of progamsthat were meanimgful and executablebefore the
additionof arny new ¢*. Only formerly mearngless,interruged programstrying to access
codefor earliersolutiors whentherewerent ary sudaenly may becane prolongalte and
successfulpncesomesolutionsto earliertaskshave beenstored.

Hopetlilly we have P(p) >> P(p'), wherep' is amorg the mostprolablefastsolvers of
r; thatdo not usepreviously found code. For instancep may be rathershortandlikely
becausét usesinformation corveyed by earlier found progamsstoredbelon a frozen-



E.g., p may call an earlier storedg® as a subprgram. Or mayke p is a shortand fast
progamthatcopiesg® into states(r;), thenmodifiesthe copy justalittle bit to obtaing?,
thensuccessfullyappliesg® to ;. If p' is not mary timesfasterthanp, thenoops will

in generasuffer from amuchsmallerconstainslovdown factorthanL SEARCH, reflecting
the extentto which solutiors to successie tasksdo shareusefulmutual information.

Unlike norincremetal L SEARCH and HSEARCH, which do not requireonline-generatd
progamsfor their aymptdic optimdity propeties, oops doesdependon suchprogams:
Thecurrenly testedprefix maytempaarily rewrite the searchprocedire by invoking pre-
viously frozencodethatredefineghe probability distribution on its suffixes,basedon ex-
perierceignoredby LSEARCH & HSEARCH (metaseaching & metaleaming!).

As we aresolving more andmoretasks thuscollectingandfreezingmoreandmoregq ¢, it
will geneally becone harcer andharderto identify andaddessand copy-edit particuar
usefulcodesegmerts within the earliersolutions.As a consegencewe exped thatmud
of theknowledge embalied by certaing? actuallywill beabou how to accessindeditand
useprogramsg® (i < j) previously storedbelow ¢7.

3 A Particular Initial Programming Language

The efficient searchandbacktrackng mechanisndescrited in section2.1is not awareof
thenatue of theparticdar progammirg langua@egivenby @, thesetof initial instructions
for modfying states.Thelanguagecouldbelist-orientedsuchasLISP, or basedon matrix
operaionsfor neual network-lik e pardlel architectues,etc. For theexperimentsve wrote
aninterpeterfor anexemgary, stack-lased universalprogamminglanguageinspiredby
FORTH [8], whosedisciplespraiseits beautyandthe compactnes®f its progams.

Eachtaskstapeholds its state:various stack-like datastructuresepresentgassequences
of integess, including a datastackds (with stackpointerdp) for function alguments,an
auxiliary datastackDs, a function stackfnsof entriesdescriling (possiblyrecursve) func-
tionsdefinedby the systemitself, a callstackcs (with stackpointer cpandtop entrycs[cp])
for calling fundions, wherelocal varialle cs[cp].ip is the currentinstructionpoirter, and
basepointercs|cp].dp pointsinto dsbelow thevalues corsideredasargumentsof the most
recentfunction call: Any instructionof theforminst(z 4, ..., x,) expectsits n aguments
ontopof ds andrepla@sthemby its returnvalues. lllegal useof ary instructionwill cause
the currently testedprogam prefix to halt. In particular it is illegal to setvariables(such
asstackpointes or instructionpointes) to valuesoutsidetheir prewired ranges,or to pop
emptystacks.or to divide by 0, or to call norexistentfunctions,or to changeprokabilities
of non«istenttokens.etc. Try (Section2.1) will interuptprefixesassoonastheirt > T'P.

Instructions. We defined68 instructiors, suchasoldq(n) for calling the n-th previously
found progam ¢™, or getq(n) for making a copy of ¢™ on stackds (e.g, to edit it with
additioral instructians). Lack of spaceprohibits to explain all instructians (see[9]) — we
have to limit ourselvesto the few appeaing in solutionsfound in the expeiments,using
readabe namesinsteadof their numters: Instruction c1() returnsconstantl. Similarly
for c2(), ..., c5(). dec(x)returrs z — 1; by2X) returrs 2z; grt(x,y) returrs 1 if > y,
otherwise0; delD() decrenentsstackpointer Dp of Ds; fromD() returrs the top of Ds;
toD() pusheghetop entry of ds onto Ds; cpn(n)copiesthe n topmast ds entriesontothe
top of ds, increasingdp by n; cpnk(n) copies n ds entriesabave the cs[cp].dp-th dsentry
onto the top of ds exec(n)interpretsn asthe numker of aninstructionand execuesit;
bsf(n)consides the entrieson stackds above its ¢s[ep].dp + n-th entryascodeanduses
callstackesto call this code(codeis execuedby stepl of Try (Section2.1), oneinstructian
at a time; the instructionret() causesa returnto the addresf the next instructian right
after the calling instructian). Givenn input argumentson ds, instructian defnp()pushes
onto ds the begin of a definition of a procedire with n inputs; this procelure returnsif



its topmostinput is 0, othewise decrematsit. callp() pustesontods codefor a call of
the mostrecentlydefinel function / procedure. Both defnpandcallp alsopushcodefor
makinga freshcopy of theinputs of the mostrecentlydefinedcode, expectedon top of
ds endngf) pushesodefor returring from the currer call, thencalls the codegeneratd
so far on stackds above the n. inputs, applyirg the codeto a copy of the inputs on top
of ds. bocstq(i) sequetially goesthrough all tokers of the i-th self-discawveredfrozen
progam,boostingeachtoken’s prokability by addingn ¢ to its enumeatorandalsoto the
denaninatorsharedyy all instructionprobabilities— denaminatorandall nuneratorsare
storedon tape,definingdistribution p(r).

Initialization. Givenary task,we addtask-specifiénstructiors. We startwith amaximum
entrogy distribution onthe > 68 @; (all numeatorssetto 1), theninsertsubstantiaprior
bias by assigningthe lowest (easily computable)instruction numbersto the task-specific
instructiors, and by boosting (seeabove) the initial probailities of apprgriate “small
numker pushes” (suchascl, c2, c3) that pushonto ds the numters of the task-specific
instructiors, suchthatthey becomeexecutdle as partof codeon ds We alsobocst the
prokabilities of the simple arithmeticinstructiors by2 anddeg suchthat the systemcan
easilycreateotherintegers from the probalte ones(e.g.,codesequene (c3 by2 by2 dec)
will returninteger11). Finally we alsoboostbocstq

4 Experiments: Towers of Hanoi and Context-Free Symmetry

Givenaren disksof n differentsizes,stacledin decrasingsizeon thefirst of threepegs.
Moving somepeg’stop disk to thetop of anotler (passiblyempty) peg, onediskatatime,
but never a largerdisk ontoa smaller transferall disksto thethird peg. Remarkaly, the
fastestvay of solvingthis famots problemrequres2™ — 1 moves(n > 0).

Untrained humars find it hardto solve instances > 6. Andeison[1] appliedtraditioral

reinforcementlearningmethod andwas able to solve instancesup to n = 3, solvable
within atmost7 moves.Langley [5] usedearningprodictionsystemsandwasableto solve

Hanoiinstancesipto n = 5, solvablewithin at most31 moves. Traditiond nonlearnirg

planring procediressystematicallyexplore all possiblemove comhnations.They alsofail

to solve Hanoi problem instanceswith n > 15, dueto the exploding searchspace(Jana
Koehler IBM Researchpersmal communication,20Q). 0oPs, however, is searchingn

progam spacensteadof raw solutionspace.Theefore,in principle it shouldbe ableto

solve arbitraly instancesy discoveringthe prodem’s elegantrecusive solution givenn

andthreepegs S, A, D (sour@ peg, auxiliary peg, destinatiorpeg), defineprocedure

Method 4.1 (HANOI(S,A,D,n)) IFn = 0 exit. Call HANOI(S, D, A, n-1); move top disk
fromSto D; call HANOI(A, S,D, n-1).

The n-th taskis to solve all Hand instancesaip to instancen. We repiesentthe dynamic

ervironmen for taskn onthen-th tasktape allocatingn+1 addessegor eachpey, to store
its currert disk positiors anda pointerto its top disk (0 if thereisn't ary). We repiesent
pegssS, A, D by nunbersl, 2, 3, respectiely. Thatis, given aninstanceof sizen, we push
ontodsthevalues 1, 2, 3, n. By doingsoweinsertsubstantialpontrivia prior knowlede

abou prodem sizeandthefactthatit is usefulto represeheachpeg by asymbad.

We addthreeinstructiongo the 68 instructionsof our FORTH-like progammirg languag:
mvdsk(Jassumeshat S, A, D arerepresentedby the first threeelemerts on ds above the
curren basepointer es[cp].dp, andmovesa disk from peg S to peg D. Instrudion xSA}
exchangestherepesentationsf .S and A, xAD() thoseof A andD (comhbnationsmaycre-
atearbitrarypeg patters). lllegd movescausethe currert progam prefix to halt. Overall
successs easilyverifiabe sinceourobjective is achieved oncethefirst two pegsareempty

Within reasonale time (a week)on an off-the-shelfpersonatompuer (1.5 GHz) the sys-



temwasnotableto solve instancesnvolving morethan3 disks. This givesus a welcome
oppatunity to demanstrateits incrementallearningabilities: we first trainedit on anad-
ditional, easiertask,to teachit somethiig abou recusion, hopingthatthis would helpto
solve the Hanoiprodem aswell. For this purpsewe useda seeminty unrelatecsymme-
try problem basedon the context freelanguag {1"2"}: giveninpu n on the datastack
ds thegoalis to placesymbolsontheauxiliary stackDs suchthatthe2n topmast elements
aren 1'sfollowedby n 2's. We addtwo moreinstructiors to theinitial progamminglan-
guage: instruction1toD() pushesl ontoDs, instructin 2toD() pushe®2. Now we have a
total of five task-specifiénstructians (including thosefor Hanoi),with instructionnumkers
1,2,3,4,5,for 1toD, 2toD, mvdsk xSA xXAD, respectiely.

Sowe first boaost (Section3) instructims c1, c2 for thefirst training phasewherethe n-th
task(n = 1,...,30) is to solve all symmetryprobleminstancesip to n. Thenwe und
the symmety-specificboostsof c1, c2 and boast insteadthe Hanoi-specificinstruction
numter pusters” ¢3, ¢4, ¢5 for the subseqant training phasewherethe n-th task (agan
n =1,...,30)istosolveall Hanoiinstancesipto n.

Results. Within roughly 0.3 days,00Ps found andfroze codesolvingthe symmetryprob
lem. Within 2 more daysit alsofound a universal Hanoisolver, exploiting the benefitsof
incremental learningignoredby nonincrenentalHSEARCH andL SEARCH. It is instructive
to studythe sequene of intermediatesolutiors. In what follows we will transfom inte-
gersequenesdiscoveredby ooPs backinto readabe progams(to fully undestandthem,
however, oneneedgo know all sideeffects,andwhichinstructionhasgotwhich numker).

For the symmetryproblem within lessthana second oops found silly but working code
for n = 1. Within lessthan1 hou it had solved the 2nd 3rd, 4th, and 5th instances,
alwayssimply prdonging the previous codewithout chandng the startaddessa ;4s:. The
codefoundsofar wasunelaant: (defnp2toD grt c2 c2 endnpboostqdelD delD bsf2toD
fromD delD delD delD fromD bsfby2 bsfby2 fromD delD delD fromD cpnbbsf). But it
doessolve all of thefirst 5 instancesFinally, after0.3days,00pPs hadcreatecandtesteda
new, elegart, recusive program(no prolongatian of thepreviousone)with anew increased
startaddressa,, s, solvingall instancesipto 6: (defrp clcalltp c2 endmp). Thatis, it was
cheapeto solve all instancesup to 6 by discoreringandapplying this new programto all
instancesofar, thanjustprolongingold codeoninstances only. In fact,theprogamturns
out to be a universal symmetryproddem solver. On the stack,it constriets a 1-agument
procalure that returnsnothingif its input argumentis 0, otherwisecalls the instruction
1ltoDwhosecodeis 1, thencallsitself with a decrenentedinput argument,thencalls2toD
whosecodeis 2, thenretuns. Using this program,within an additianal 20 milliseconds,
oops hadalsosolvedtheremaning 24 symmety tasksupton = 30.

Thenoops switchedto the Hanoiprodem. 1 mslaterit hadfound trivial codefor n = 1:

(mvdsk).After adayor soit hadfound freshyet bizarie code(new startaddress: ;) for
n = 1,2: (c4c3cpncdby2c3by2exec) Finally, after3 daysit hadfound freshcode(new

aqst) forn = 1,2, 3: (c3decbocstgdefnpc4 calltp c3c5calltp endny). Thisalreadyis an
optimaluniversalHanoisolver. Therefae, within 1 additioral day oops wasableto solve
the remainirg 27 tasksfor n up to 30, reusingthe sameprogamgq,,,,:a;..... againand
again Recallthatthe optimal solutionfor n = 30 takes> 10° mvdskoperatims,andthat
for eachmvdskseveral otherinstructims needto be executedaswell!

The final Hanoisolutionprofits from the earlierrecusive solutionto the symmery prob
lem. How? The prefix (c3 decboostq)(probability 0.0@8) tempoarily rewritesthe search
procealure (this illustratesthe benefitsof metaseaching!) by explaiting previous code:
Instruction c3 pushe 3; decdecremets this; boostqgtakestheresult2 asanargumentand
thusbooststhe prokabilities of all compmentsof the 2ndfrozenprogam, which hapgens
to be the previously found universalsymmety solver. This leadsto an online bias shift
thatgredly increaseshe probability thatdefnp calltp, endrp, will appeaiin the suffix of



the online-generéed progam. Theseinstructiors in turn are helpfu for building (on the
datastackds) thedoube-recusive procedire gereratedby thesufiix (defnpc4 calltp c3¢c5
calltp endrp), which essentiallyconstriets a 4-agumentprocedire thatreturrs nothirg if
its input agumentis 0, othewise decremets the top input algument,calls the instruction
xAD whosecodeis 4, thencalls itself, then calls mvdskwhosecodeis 5, thencalls XSA
whosecodeis 3, thencallsitself again thenretuns(conparethestandardHanoisolution)

Thetotal prokability of thefinal solution giventhepreviouscodesjs 0.325%10 ~1°. Onthe
otherhand theprokability of the essentiaHanoicode(defnpc4 calltp c3 c5 calltp endrp),
givennothirg, is only 4 x 10—, which explainswhy it wasnotquicky found without the
helpof aneasietask.Soin this particula setuptheincrementaltrainingdueto thesimple
recursia for thesymmety prodem indeedprovided usefultrainingfor the more complex
Hanoirecusion,speedingip the searchby a factorof roughly 1000.

Theentire4 daysearchtestedd3,94,%8,0® prefixes correspadingto 345450362522
instructiors costing678,84,413,98 time steps(someinstructions costmorethan1 step,
in particula, thosemaking copiesof stringswith length> 1, or thoseincreasiig the prob-
abilities of more thanoneinstructian). Search time of an optimal solver is a natural
measure of initial bias. Clearly, mosttestedprefixesare shot — they eitherhalt or get
interryptedsoon. Still, someprogamsdo run for a long time; the longestmeasued run-
time exceeakd 30 billion steps. The stacksS of recursve invocationsof Try for storage
mana@ment(Section2.1) collectively never heldmorethan20,00 elementghoudh.

Differert initial biaswill yield differentresults.E.g, we couldsetto zerotheinitial prob
abilities of mostof the 73 initial instructions (mostareunnecessarfor our two prodem
classes)andthensolve all 2 x 30 tasksmorequickly (at the expenseof obtairing a non
universalinitial progamminglangua@). The poirt of this expeiimentalsection however,
is not to find the mostreasonale initial biasfor particula prodems, but to illustratethe
geneal functionality of the first generalnearbias-optimalincremeal learner In ongo
ing researctwe areequigping 0oprs with neura network primitives andareapplyirg it to
robaics. Sinceoors will scaleto larger prodemsin essentiallyunteatablefashion,the
hardwarespeeddp factorof 10° expectedfor the next 30 yearsappeas promising.
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